We generalise uniqueness theorems for non-extremal black holes with three mutually independent Killing vector fields in five-dimensional minimal supergravity in order to account for the existence of non-trivial 2-cycles in the domain of outer communication. The black hole space-times we consider may contain multiple disconnected horizons and be asymptotically flat or asymptotically Kaluza-Klein. We show that in order to uniquely specify the black hole space-time, besides providing its domain structure and a set of asymptotic and local charges, it is necessary to measure the magnetic fluxes that support the 2-cycles as well as fluxes in the two semi-infinite rotation planes of the domain diagram.
Introduction
Recently, there has been an interest in black holes with non-trivial space-time topology outside the domain of outer communication as it was realised that in dimensions higher than four, space-like hyper surfaces may have non-trivial homology groups. This has triggered a series of papers where previous no-go theorems, uniqueness theorems and laws of black hole mechanics were put into question and in some cases successfully modified in order to account for the non-trivial space-time topology [1, 2, 3] .
In five dimensions the non-trivial structure of the space-time is characterised by the existence of 2-cycles. In Einstein gravity coupled to a Maxwell field, a likely mechanism for supporting these 2-cycles (bubbles) is the magnetic flux. Gravitational solutions with sequences of such bubbles are of considerable interest as they may describe smooth soliton geometries [4] , which, in the context of fuzzballs [5, 6] , are interpreted as black hole microstates.
In a recent paper [3] , an example of an extremal black hole with non-trivial space-time topology and two rotational isometries was given in minimal supergravity and seems to provide the first counterexample to spherical black hole uniqueness in theories containing a Maxwell field. This note has the purpose of showing that, in minimal supergravity, if the black hole is non-extremal and has isometry group R × U (1) × U (1), then we can uniquely characterise it given its domain (or rod) structure [7, 8, 9, 10] and charges.
Uniqueness theorems in minimal supergravity have been written down for asymptotically flat spherical black holes [11] , black rings [12] , Lens-spaces and for black holes with multiple disconnected horizons [13] . 2 In the latter case, it was shown that, in order to specify the black hole space-time uniquely it was necessary to define certain magnetic fluxes on spatial compact rods as well as to measure a set of local charges near each horizon. In the case of Lens-spaces, it was also realised in [13] , that the magnetic flux had to be measured in a semi-infinite rotation plane in the rod diagram. 3 In the context of asymptotically KaluzaKlein black holes, a uniqueness theorem was also written down for black holes with a single connected horizon [16] . However, all these uniqueness theorems [11, 12, 13, 16] have not taken into account the possibility of non-trivial space-time topology 4 , and hence, of arbitrary large sequences of bubbles in the domain of outer communication.
In this note, we generalise the uniqueness theorems [11, 12, 13, 16] in order to account for the possible 2-cycles present in the space-time. The necessary ingredients for such a generalisation were developed in [13] and here we apply them in a systematic way. For a single connected horizon component, we show that the magnetic fluxes on each spatial compact rod and spatial semi-infinite rod must be given in order for the solution to be uniquely specified. We also show that, in the case of the horizon having topology S 1 × S 2 , the dipole charge which seemed to be necessary to show uniqueness of such solutions, can be replaced by the magnetic flux in a semi-infinite rotation axis. In the case of space-times with multiple disconnected horizons we analyse the most general class of solutions by considering an arbitrary arrangement of horizons and spatial compact rods. The uniqueness theorems proven in this case are not completely general and some constraints will have to be set on this arbitrary sequence of spatial and horizon rods. However, the uniqueness theorems cover all known black hole solutions. 5 This note is organised as follows. In Sec. 2 we review the general method for proving uniqueness in the context of minimal supergravity based on a reduction to a non-linear sigma model. In Sec. 2.1 we define the domain (rod) structure of the most general solution. In Sec. 2.2, we show uniqueness of the most general solution with a single connected horizon. In Sec. 2.3, we generalise it to the case of multiple disconnected horizons and in Sec. 2.4 we extend it to asymptotically Kaluza-Klein space-times. Finally, in Sec. 3 we conclude.
Uniqueness theorems for Black Holes with Bubbles
In this section we give a proof of the uniqueness of black holes with an arbitrary large sequence of nontrivial 2-cycles and multiple disconnected horizons in five-dimensional minimal supergravity. The proof follows closely the work of [11, 12, 13, 16] which exploits the reduction of the theory to a non-linear sigma model. Because this proof extends these previous works, we refer to these for the details of this reduction and instead summarise the procedure.
We assume that the black hole solutions are characterised by a set of three mutual independent Killing vector fields V (0) = ∂ t , V (1) = ∂ φ and V (2) = ∂ ψ , where the first is associated with time translations and the other two with rotations, such that the isometry group of the solutions is R × U (1) × U (1). Assuming this set of symmetries allows us to reduce the theory characterised by the action
where F = dA is the field strength for the 1-form gauge field A, to a non-linear sigma model on a twodimensional base space Σ parametrised by the coordinates (r, z) such that Σ = {(r, z)|r ≥ 0 , − ∞ < z < ∞} [11] . Due to the symmetry of the sigma-model, solutions of the theory (2.1) can be collectively described by a set of sigma-model fields Φ A defined on Σ, which form a symmetric unimodular matrix Θ. For the case of the theory (2.1), we have that Φ A consists of the fields Φ A = {λ ab , ω a , ψ a , µ} with 4 We note that in the case of an integrable sector of Einstein-Maxwell theory, non-trivial 2-cycles have been considered in [17, 15] . 5 We note that up to now, the uniqueness theorem proven in [13] applies to all known non-extremal black hole solutions with R × U (1) × U (1) isometry group in minimal supergravity. a = (φ, ψ) which parametrise the metric and the gauge field according to
3)
The quantities a t b and σ are determined in terms of the fields Φ A according to the relations presented in [11, 13] . The electric potentials ψ a , the magnetic potential µ and the twist potentials ω a are determined via Einstein and Maxwell equations that follow from (2.1) and obey the following relations, 6) where φψ = − ψφ = 1. If we consider two different field configurations corresponding to two different solutions Θ 0 and Θ 1 one can define the deviation matrix Ψ = Θ 1 Θ −1 0 − 1, which measures the difference between the two solutions and vanishes if the two solutions are identical. Furthermore the matrix Θ defines a conserved current J a = Θ −1 ∂ a Θ for each solution, which can be used to define the difference between the conserved currents of two solutionsJ a = Θ −1
Due to the properties of the matrix Θ we can decompose it as Θ =ĝĝ T whereĝ is a G 2(2) matrix. With this in hand we can define the matrix M a =ĝ 0J a Tĝ 1 which measures the difference between the conserved currents of the two solutions and vanishes if the two conserved currents are identical. It is then possible to derive the Mazur identity for this sigma-model [11] ∂Σ r∂ µ Tr ΨdS
where h µν dx µ dx ν = dr 2 +dz 2 . This identity expresses the fact that for two solutions of (2.1) with isometry group R × U (1) × U (1) it is only necessary to show that the deviation matrix Ψ vanishes on the boundary of the base space Σ defined at r = 0 and at infinity, since that implies, according to Eq. (2.7), that the solution is identical on the entire base space Σ. The proof then relies on the classification of the boundary r = 0 according to its domain structure [7, 8, 9, 10] and in the measurement of local charges and fluxes.
Domain structure of black hole space-times
Black hole space-times are characterised by their domain structure [7, 8, 9, 10] . If the base space Σ is two-dimensional then the domain structure for the theory (2.1) reduces to the rod structure [9, 13] , in which the z-axis representing r = 0 is split into a set of rods (intervals) I i = (κ i , κ i+1 ) characterised by the particular linear combination of the Killing vectors V (0) , V (a) that vanishes on that interval. Each interval has a specific length l i = κ i+1 − κ i and each interval is associated with a rod vector v. For two adjacent space-like rods with rod
We consider a generic rod structure for black hole space-times which are asymptotically flat (see Sec. 2.4 for the case of asymptotically Kaluza-Klein) and posses three commuting Killing vector fields.
Such space-times must have at least two semi-infinite rods describing the fixed planes of rotation associated with the φ and ψ directions and, in addition, an asymptotic region. These are characterised by 6
• (i) semi-infinite φ-invariant plane: ∂Σ − φ = {(r, z)|r = 0 , −∞ < z < κ 1 } and rod vector v = (0, 1, 0).
• (ii) semi-infinite ψ-invariant plane: ∂Σ + ψ = {(r, z)|r = 0 , κ l < z < ∞} and rod vector v = (0, 0, 1).
• (iii) infinity:
These two semi-infinite rods are depicted in the figure below. In the middle of these two rods we can place in an arbitrary arrangement, an arbitrary number of rods of the following type:
• (v) compact ψ-invariant plane: ∂Σ ψ = {(r, z)|r = 0 , κ i < z < κ i+1 } and rod vector v = (0, 0, 1).
• (vi) compact space-like rod: ∂Σ B = {(r, z)|r = 0 , κ i < z < κ i+1 } and rod vector v = (0, n, p).
• (vii) black hole, black lens or black ring: ∂Σ H = {(r, z)|r = 0 , κ i < z < κ i+1 } with rod vector v = (1, Ω φ , Ω ψ ) and, in the case of the black ring, where the S 1 is either parametrised by φ or by ψ. Furthermore, Ω φ and Ω ψ are the angular velocities of the horizon.
The topology of the black hole depends on the other two adjacent rods. If the black hole rod (vii) is placed in between a rod of the type (iv) and (v) then it has spherical topology, whereas, if it is placed between two rods of type (iv) or type (v) it has S 1 × S 2 topology. Moreover, if it is placed between a rod of type (iv) and another of type (vi) it is a Lens space. Similarly, the topology of a rod of the type (vi) depends on the adjacent rods. If it touches a rod of the type (vii) on one side and a rod of the type (iv) on the other it has the topology of a disk, while, if it is placed between two rods of the type (iv) it constitutes a non-trivial 2-cycle (bubble) with S 2 topology. We note that, despite the fact that the rods of the type (vi) include the rods (iv) and (v) as special cases, we have separately introduced them to connect with previous results in the literature and to highlight the differences between them. Furthermore we label the spatial compact rods of type (iv)-(vii) by k and the horizon rods (vii) by i.
We will first focus on rod structures with one single connected horizon and then on the case of multiple disconnected horizons. Our 
Boundary value problem for single connected horizon
In this section we will show uniqueness of the most generic non-extremal black hole solution with one single connected horizon, in particular, we wish to give a proof of the following theorem,
In five-dimensional minimal supergravity, an asymptotically flat non-extremal black hole solution with a single connect horizon that is regular on and outside the event horizon is uniquely characterised by its rod structure, asymptotic charges (mass, angular momenta and electric charge) and magnetic fluxes if the black hole space-time admits, besides the stationary Killing vector, two mutually commuting axial Killing vector fields.
The boundary value problem for each of the rods presented above has been analysed in detail in [11, 12, 13] , except for rods of the type (vi) which are responsible for the existence of non-trivial 2-cycles with generic rod vector v = (0, n, p). We will begin by summarising the boundary value problem on the other rods.
Rods (i) and (ii):
On these rods we have, according to Eqs. (2.5)-(2.6) together with the fact that ψ a vanishes at infinity, that the magnetic potential and the twist potential are constant along the rod. Furthermore, according to Eq. (2.4), ψ φ is constant on the φ-invariant plane and ψ ψ is constant on the ψ-invariant plane. This results on conditions for λ ab and ψ a that do not have parameters that need to be specified while for the magnetic and twist potentials we have
The six constants c ± 0 , c ± a can be fixed by looking at the integral of ω a and µ over the entire z-axis and relating it to integrations at infinity via Stokes theorem. One concludes that [11, 12, 13] 
where Q T is the total electric charge of the solution and J T a the total angular momentum of the solution associated with the a = (φ, ψ)-fixed planes of rotation. The asymptotic charges Q T and J T a will be defined in the next section. This completely specifies the solution in these rods and one can indeed check that their contribution to (2.8) vanishes. Even though no more quantities are necessary to be specified in these intervals, it is convenient to define the magnetic flux on these two rods over the surface C ± as in [13] . This is given by
Integrating this explicitly we find Φ − = 2π √ 3ψ ψ (κ 1 ) and Φ + = −2π √ 3ψ φ (κ N ). This gives necessary boundary conditions for adjacent rods, namely, we have that
These fluxes are not necessary to define in general, for example, to prove the uniqueness of spherical black holes, black rings and multiple combinations of these two without the existence of 2-cycles they are not necessary [13] . On the other hand, for Lens spaces it is necessary to specify one of them [13] . However, we will see that in the presence of 2-cycles they are in general needed.
Rod (iii):
At infinity the vanishing of the second term on the right hand side of Eq. (2.8) is guaranteed by the asymptotic falloffs of the fields. These falloffs are given in, e.g., Sec. 4.3 of [11] . At ∂Σ ∞ two solutions are identical if they have the same total mass M , angular momenta J T a and electric charge Q T [11] .
Rods (iv) and (v):
On these rods the magnetic and twist potentials are not necessarily constant. The analysis is the same for both types of rod but for the sake of brevity we focus on the rod (iv). In this case, from (2.4) we have that dψ φ = 0 and hence ψ φ is constant over the rod while ψ ψ = f (z) for some function f (z). Using (2.5)-(2.6) one finds that [12] 13) where the constants d ψ , d φ , d µ , ψ φ must be specified in order to conclude that the contribution of this rod to (2.8) vanishes, while the function f (z) needs not. However, in order to determine d ψ , d φ , d µ , ψ φ one needs to know f (z) in general at one of the endpoints of the rod. If we imagine this rod to be adjacent to (i), then according to (2.12) and continuity of the potentials one has that ψ φ = 0 on ∂Σ φ in which case f (z) does not play a role while
If instead the rod was adjacent to (ii) then in order to determine the four constants one uses the fact that from (2.12) we have that ψ ψ (κ N ) = f (κ N ) = 0 and that ψ φ = −(2π √ 3) −1 Φ + . However, in the case that the rod (iv) would be adjacent to another rod (iv) meeting at z = κ i+1 we would require knowledge of f (κ i+1 ). To obtain this we define the magnetic flux on the rod over the surface C φ such that 14) and similarly for Φ ψ on ∂Σ ψ . Therefore, given the measurement of Φ φ we can obtain the value of ψ ψ (κ i+1 ) and consequently of all the remaining potentials using (2.13) at z = κ i+1 given ψ ψ (κ i ).
Rods (vi):
In this case we will give the precise details of how to derive the boundary conditions on the various fields since the inclusion of this type of rods is new. It turns out that finding the correct boundary conditions in this case is very similar to the case analysed in [12, 13] where the rod vector was taken to be v = (0, 1, p). We consider a rod vector of the type v = (0, n, p) which by definition corresponds to the Killing vector field V = n∂ φ + p∂ ψ with fixed points on ∂Σ B . Therefore, we have that g(v, v) = 0 and that τ , defined in (2.2), vanishes on ∂Σ B . This implies the following relations
Assuming n to be non-zero and defining k = p/n, from here we deduce that
for some function g(z) that needs not to be specified. Furthermore, from (2.4) we have that i v F = ndψ φ + pdψ ψ = 0 and hence integrating we get ψ φ = d 0 − kψ ψ . Therefore we have that 17) for some function f (z). Using now Eqs. (2.5)-(2.6) we find
The vanishing of this rod's contribution to (2.8) requires that all four constants
As in the previous case of the rods (iv) and (v) we have the same number of constants which can be determined by knowing what the potentials ω a , µ, ψ φ and f (z) are at one endpoint of the rod z = κ i . When only one horizon rod is present this is always possible since we know all the values of the potentials at the endpoints of the rods (i) and (ii). Therefore we can keep on updating their value according to (2.13), (2.17),(2.18) by following the two chains of rods, which begin at the leftmost and rightmost rods, until we hit the horizon rod. Since this type of rods (vi) can be adjacent to rods of the same type or to (iv) and (v), it is necessary to know how the potentials ψ a vary across the rod and hence determine all the potentials at z = κ i+1 so that they provide boundary conditions for the adjacent rods. This is done by defining the magnetic flux through the surface C B such that
Therefore, given Φ B we can determine ψ φ (κ i+1 ) and ψ ψ (κ i+1 ). If this rod is placed in between two other compact space-like rods then the surface C B has the topology of an S 2 and this rod represents a nontrivial 2-cycle. As mentioned previously, this type of rods includes the cases of the rods (iv) and (v), in particular, if we set n = 1 and p = 0 in (2.19) we obtain (2.14). We define the set of magnetic fluxes on the spatial compact rods by Φ k = {Φ a , Φ B } and the set of all magnetic fluxes as Φ M = {Φ ± , Φ k }.
Rods (vii):
In the case of an horizon rod we simply need that
for their contribution to (2.8) to vanish [11] . However, this means that as soon as we cross an horizon in the middle of a rod structure diagram, we loose all the information regarding the change in the potentials ψ a , µ, ω a . In the case where we only consider one single horizon rod, this does not constitute a problem since, as mentioned previously, we follow the two chains of rods starting from the left and right of the horizon rod. In the case where multiple horizons are present it requires measuring extra charges as it will be explained in the next section. We note, however, that in the case of the rod (vii) representing a black ring horizon, it is possible to measure its dipole charge via the formula 20) where the S 2 encloses the ring once and where we have assumed the S 1 to be parametrised by ψ. Analogously, we can define the same type of charge for a ring with S 1 parametrised by φ. In same cases, specifying this charge is enough to show uniqueness without having to measure the magnetic fluxes Φ ± . However, measuring the fluxes Φ ± is always sufficient for all the solutions and the dipole charge is not needed. For example, consider the simplest case of a black ring analysed in [12] and with the rod structure depicted in Fig. 2 . According to (2.12) we have that ψ φ (κ 1 ) = 0 on ∂Σ − φ and hence, according to (2.20) we have that ψ φ (κ 2 ) = ( √ 3) −1 q ψ . Since we have that ψ φ is constant on ∂Σ φ then we deduce that ψ φ (κ 3 ) = ( √ 3) −1 q ψ . Now, again due to (2.12) we find that there is a non-trivial flux Φ + = −2πq ψ . Therefore, we see that the presence of the dipole charge induces a non-trivial flux Φ + on ∂Σ + ψ . This means that to show uniqueness of the black ring solution we can instead require the measurement of Φ + and not of q ψ , suggesting that, since measuring Φ ± is always necessary in the presence of arbitrary large sequences of bubbles, the fluxes Φ ± are physically more relevant charges than q ψ , q φ .
This ends the proof of the uniqueness theorem for a single connected horizon component leading us to conclude that a black hole space-time with a single horizon and three commuting Killing vector fields is uniquely characterised by its rod structure and the set of charges and fluxes {M, J T a , Q T , Φ M }. Below, we focus on the case where multiple disconnected horizons may be present.
Boundary value problem for multiple disconnected horizons
As mentioned previously, in the case of multiple disconnected horizons it is necessary to specify further charges measured locally near each horizon. To understand this better consider the following rod arrangement in which a rod vector of the type (iv) is placed in between two rods of the type (vii) as depicted in the figure below. In order to provide boundary conditions for the rod (iv) and determine the constants Figure 3 : An example of a rod diagram with two consecutive horizons separated by a compact space-like rod.
in (2.13) we need to know how the potentials ω a , µ varied across the horizon rod i. As explained in [13] , this requires the measurement of the angular momenta and electric charge near each horizon, namely, 7
In the first line of (2.21) we have defined the angular momenta measured near each horizon and we note that the first term is the usual Komar integral on the horizon while the second term is the electromagnetic contribution to the angular momenta. If the integration is taken over ∂Σ ∞ instead, then these integrals define the total charges J T a and Q T introduced in (2.10). We note that in the case of J T a , the contribution due to the second term in (2.21) vanishes at infinity [11] . These charges are just an integrated version of the right hand side of Eqs. (2.5)-(2.6). Therefore we have the change in potentials µ(
However, the charges (2.21) do not provide any information regarding the change in the potentials ψ a across the horizon rods and these are required in order to determine the constants involved in (2.13). In the case that one of the two horizon rods is a black ring then the dipole charge (2.20) gives us the value of ψ φ on the rod since dψ φ = 0 there. However, in order to determine the remaining constants d ψ , d φ , d µ it is necessary to know f (z) at least at one endpoint of the rod ∂Σ φ . The question that remains is if it is possible to acquire knowledge of f (z) at one of the endpoints z = κ i or z = κ i+1 just by local measurements on that rod. In fact, this question was answered in [13] and requires the measurement of the flux Φ φ on ∂Σ φ introduced in (2.14) as well as the Chern-Simons flux measured on ∂Σ φ defined as 22) and similarly Ξ ψ in the ψ-invariant plane. The flux (2.22) together with the flux (2.14) allows us to find a unique solution to f (κ i ) given by [13] 
With a unique solution to f (κ i ) we can find the constants d ψ , d φ , d µ provided that we have determined ψ φ via the dipole charge of one of the horizons rods. However, we could image the two horizon rods in Fig. 3 to represent two spherical black holes, even though such configurations will unlikely be regular. In such case, we cannot define a dipole charge over the horizon and hence cannot determine in this way the value of ψ φ in the adjacent rod between the two horizons. Nevertheless, we can, from (2.23) and (2.14) or (2.22), deduce the value of f (κ i+1 ), which when used in any of the equations (2.13) allows us to determine ψ φ in general. Therefore, in this case one does not have to specify the dipole charge of the black ring horizons.
If one now replaces the middle rod in Fig. 3 by one of the type (vi) then one can ask the same question, namely, if local measurements on the rod can determine the value of f (κ i ). Indeed, by using (2.19) and defining the analog of (2.22), 
as presented in [13] .
Using this result into Eqs. (2.18) one can determine all the constants d 0 , d 1 , d 2 , d 3 as previously for the rod ∂Σ φ depicted in Fig. 3 . We further note that (2.24) includes (2.22) as a special case when n = 1 and p = 0. Hence we define the set of fluxes on the spatial compact rods as Ξ M = {Ξ a , Ξ B }.
Problemata: The unique solutions of f (κ i ) presented in (2.23) and in (2.25) are not valid when Φ φ = 0 and Φ B = 0. In such cases we can only conclude that f (κ i ) = f (κ i+1 ) and that the fluxes Ξ M and Φ k do not determine the solution in these rods. This problem has also been addressed in [13] and its solution requires specifying two other set of charges in the case that at least one of the two horizons depicted in Fig. 3 is a black ring. In that case, we can define the Maxwell charge Q i M and a Chern-Simons dipole charge Q i ψ measured near each black ring horizon via 9 26) where in order to perform the Q i ψ integration one needs to specify, as in the case of the dipole charge (2.20), a tangent vector along the ring. Using this into the definition of Q i in (2.21) together with (2.5) we find the recursive relation [13] 
Therefore, we can determine the function f (κ i+1 ) across the horizon of a black ring if we measure its dipole charges and Maxwell charge (2.20), (2.26) . In fact, in the cases where at least one horizon represents a black ring then specifying q i a , Q i a , Q i M yields the desired value of f (κ i+1 ) even when the fluxes Φ k are not given, but of course, at the expense of measuring another local charge on the black ring horizon. 10 Summarizing, if the magnetic flux Φ a or Φ B on the single rod in between the two horizons depicted in Fig. 3 vanish and one of the horizons is not a black ring, we cannot show uniqueness of such configurations. More generally, consider a combination of the rods of the following form, where ∂Σ 1 or ∂Σ 2 can by Figure 4 : An example of a rod diagram with two consecutive horizons separated by an arbitrary series of compact space-like rods.
any type of spatial compact rod, while the dots represent any type and number of spatial compact rods. Furthermore assume that none of the horizons is a black ring, then, if the magnetic flux Φ a or Φ B vanish 8 Note that in (2.24) we have defined the flux ΞB with respect to the Killing vector V (2) . We could have defined it also with respect to V (1) , which would result in a similar expression for f (κi). 9 In theories with Chern-Simons terms there are different notions of charges [18] . The electric charge defined in (2.21) is also known as the Page charge. 10 Note that we are labelling the dipole charge qa introduced in (2.20) measured near each black ring horizon i by q i a .
on ∂Σ 1 and simultaneously on ∂Σ 2 , we cannot show uniqueness.
With this in mind we define the two sets of constraints,
• (1) The fluxes Φ a or Φ B on any two adjacent rods ∂Σ 1 or ∂Σ 2 to two horizons located in between the same two horizons Σ 1 H and Σ 2 H do not vanish simultaneously.
• (2) In an arbitrary arrangement of rods, only one of the horizon rods Σ H has Lens-space or spherical topology while the remaining have S 1 × S 2 topology.
With these constraints defined we have proven the following theorem:
Theorem 2: Consider, in five-dimensional minimal supergravity, an asymptotically flat non-extremal black hole solution with multiple disconnected horizons that is regular on and outside each of the event horizons which admits, besides the stationary Killing vector, two mutually commuting axial Killing vector fields. Then if the constraints (1) are realised, the black hole space-time is uniquely characterised by its rod structure, charges and fluxes {M,
and if the constraints (2) are realised, the black hole space-time is uniquely characterised by its rod structure, charges and fluxes {M,
We will now show how the previous two theorems can be generalised to the context of asymptotically Kaluza-Klein black holes.
Asymptotically Kaluza-Klein black holes
In this section we generalise the theorems of Secs. 2.2 and 2.3 to the case of black holes which are asymptotically Kaluza-Klein. Uniqueness theorems for such black holes in the case of a single connected horizon and in the absence of non-trivial 2 cycles were studied in [16] . The difference between KaluzaKlein black holes and the asymptotically flat black holes studied in the previous sections resides on the different leftmost and rightmost rods. As depicted in the figure below, these two rods have the following characteristics,
• (viii) leftmost semi-infinite plane: ∂Σ − = {(r, z)|r = 0 , − ∞ < z < κ 1 } and rod vector v = (0, 1, −N ).
• (ix) rightmost semi-infinite plane: ∂Σ + = {(r, z)|r = 0 , κ l < z < ∞} and rod vector v = (0, 1, N ).
Here N stands for the Nut charge of the asymptotically Kaluza-Klein black hole. The boundary of Σ for Kaluza-Klein black holes also contains an asymptotic region of the form (iii). For the contribution of this region to the integral (2.8) to vanish, it is necessary that the mass M , the angular moment J T a , the electric charge Q T , the Nut charge N and the magnetic flux defined as
where S 2 ∞ denotes the base manifold of S 2 at infinity, are the same for both solutions [16] . In between these two rods depicted in Fig. 5 we can place the same type of rods as those analysed in the previous sections. The analysis is then the same as long as we guarantee that we have all the information about the potentials ψ a , µ, ω a at z = κ 1 and z = κ l , hence providing the necessary boundary conditions for any rod that may be adjacent to it. The boundary value problem for the rods (viii) and (ix) is the same as for the rod (vi) where now we have n = 1, p = ±N and hence k = ±N . Focusing on the case of the rod (viii) (the case of the rod (ix) is essentially the same apart from minus signs), we see from (2.17)-(2.18) that we must have
for some function f (z) and
By looking at the asymptotic behaviour of the fields at infinity one finds that [16] 
where 2πL is the periodicity of the fifth Kaluza-Klein dimension and we have used the fact that f (±∞) = 0. In order to determine all the potentials at z = κ 1 one requires the knowledge of f (κ 1 ). This is obtained by defining an analogous flux to (2.19) 
Discussion
In this note we have generalised previous uniqueness theorems for asymptotically flat and asymptotically Kaluza-Klein black holes with multiple disconnected horizons and with three mutually independent Killing vector fields with isometry group R × U (1) × U (1) [11, 12, 13, 16] to include the cases where arbitrary sequences of non-trivial 2-cycles may be present in the domain of outer communication. In the case in which a single horizon is present in the rod structure diagram, the theorem that we have proved includes all possible rod combinations allowed by the rod structure constraints (see Sec. 2.1). We have shown that such black hole space-times are uniquely characterised by their rod structure, asymptotic charges {M, J T a , Q T } and a set of magnetic fluxes Φ M = {Φ ± , Φ a , Φ B } defined on the semi-infinite and compact spatial rods of the rod diagram. In particular, we noted that given the magnetic fluxes Φ M and in the case that the horizon corresponds to a black ring, there was no need to specify its dipole charge. In the case of Kaluza-Klein black holes, the set of asymptotic charges also includes the Nut charge N and the magnetic flux measured at infinity Φ ∞ .
In the case of multiple disconnected horizons we have provided a generalisation of [13] , however we have not been able to show uniqueness of the most general class of solutions, hypothetically allowed by the rod structure formalism. In between any two horizons of arbitrary topology, one can define magnetic fluxes Φ k on each of the spatial compact rods adjacent to each of the horizons. If these fluxes do not vanish simultaneously on each of the adjacent rods then we have shown uniqueness of the most general solution, in which case one needs to specify the local angular momenta J i a and local electric charge Q i of each horizon besides the Chern-Simons fluxes Ξ M on each spatial compact rod. However, if the two fluxes Φ M vanish simultaneously, then we have only been able to shown uniqueness of a class solutions with an arbitrary arrangement of rods as long as only one horizon with either Lens-space or spherical topology is present in the rod diagram while the remaining have S 1 × S 2 topology. In this latter case, in order to classify the black hole space-time uniquely, one has to specify the Maxwell charge Q i M , the dipole charge q i a and the Chern-Simons dipole charge Q i a of each of the black ring horizons, instead of specifying the Chern-Simons fluxes Ξ M on each spatial compact rod.
The domain structure of black holes provides a set of geometrical and topological invariants for any black hole space-time [7, 8, 9, 10] . However, even though it sets some constraints on the allowed solutions, it does not give information regarding whether or not a specific arrangement of domains (or rods) may actually be realised as a regular solution in a given theory. When considering the most general solution with multiple disconnected horizons in Sec. 2.3, we have allowed for any possible combination of the rods presented in Sec. 2.1, including, for example, an infinite series of spherically rotating black holes or Lens-spaces. However, such solutions are known to be hard to realise, free of conical singularities, at least in pure Einstein gravity [19, 20, 21] . This suggests that perhaps the fact that it seems difficult to classify the most generic solution may be an indication that such solutions could not be regular. The reason why we have not been able to perform this most generic classification is because across the rod of an event horizon which does not have S 1 × S 2 topology we cannot define a magnetic or electric flux over a space-time surface that relates the values of the electric potentials ψ a at the two rod endpoints. Such type of fluxes for an horizon with S 1 × S 2 topology can be defined and are essentially its dipole charges. The question of whether or not another set of charges can be defined for horizons with other topologies may be answered by generalising the work of [2] in order to understand what charges may enter the first law of thermodynamics of black hole objects with multiple disconnected horizons in minimal supergravity. We note that alternatively, one may consider no longer insisting that black holes must be specified by certain 'physical' charges, but instead generically by certain integrals over the rod diagrams. This of course would solve the problem of quantifying the change in the electric potentials ψ a across the horizon of a spherical black hole.
The domain structure provides us with a set of invariants such as the domain areas or rod lengths. For a given black hole space-time, these lengths are in general related to the physical charges of the black hole or have to be adjusted in a particular way in order to yield a space-time free of conical singularities.
When showing such uniqueness theorems based on the rod structure, it is still an open question whether or not the total amount of information is over-specifying the solution. With this in mind, it would be interesting to understand generically what information is contained in each rod interval. For example, the length of the horizon rod is known to contain information about the entropy of the horizon [22] but perhaps more information can be extracted from the space-like rods.
One can consider extending the theorems presented here to extremal black holes. In such cases it is known that the near-horizon topologies have to be classified and shown to be unique [23] . In the context of the theory (2.1) this has still not been fully done though many have been classified [24, 25, 26] . While it may turn out that in the extremal case, uniqueness theorems may be harder to prove, at least when these black holes are non-extremal and have two rotational symmetries, we have given a very satisfactory answer, in particular, it includes a possible non-extremal version of the black hole constructed in [3] .
